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Abstract. Wc introduce a notion of morphism of CohFT's, on the basis of the anal- 
ogy with morphisms, and discuss the relationship with morphisms of .F-nianifolds 
introduced by Manin and Hertling [S]. The structure maps of a morphism of CohFT's 
have as input a cohomology class on the moduli space of scaled afjine lines (complexified 
multiplihedron) studied in Ma'u- Woodward [9]. The main result is a computation of 
the space of Cartier divisors on this moduli space; these appear in the splitting axiom. 



1. Introduction 

In order to formalize the algebraic structure of Gromov-Witten theory Kontsevich 
and Manin introduced a notion of cohomological field theory (CohFT), see [H Section 
IV]. The correlators of such a theory depend on the choice of cohomological classes on 
the moduli space of stable curves „, and satisfy a splitting axiom for each boundary 
divisor of „. In genus zero Mo,n may be viewed as the complexification of Stasheff 's 
associahedron and the notion of CohFT is closely related to the notion of Aoo-algebra. 
Dubrovin constructed from any CohFT a Frohenius manifold, which is a manifold with 
a family of multiplications on its tangent spaces together with some additional data. 
Later Hertling-Manin [5] proposed the notion of F -manifold, which remembers only the 
multiplications. 

In this paper we introduce a notion of morphism of CohFT's which is a "closed string" 
analog of a morphism of Aq^ -algebras. The additional data in the structure maps 
is the choice of cohomological classes on the complexified multiplihedra or moduli of 
scaled curves M„ i(A), introduced in Ziltener [12]. This space was studied in Ma'u- 
Woodward [9] where it was shown that it may be viewed as the complexification of 
Stasheff's multiplihedron, which appears in the definition of A^o map. The splitting 
axiom for a morphism of CohFT's requires that for each Cartier divisor on Mn,i one has 
a splitting axiom similar to that for CohFT's themselves. Any morphism of CohFT's 
gives rise to a map of the corresponding Frobenius manifolds, whose differential at any 
tangent space is an algebra homomorphism. In the language of [5], this is a morphism 
of F -manifolds. 

The definition of morphism of CohFT is motivated by an attempt to extend the mirror 
theorems of Givental and others beyond the semipositive case in a more systematic 
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way than has been done previously. In Woodward-Ziltener [TT], it is proposed that 
a morphism of CohFT's relates the gauged Gromov-Witten invariants of a variety with 
group action and the Gromov-Witten invariants of its geometric invariant theory quotient 
for a fixed underlying curve. In other words, morphisms of CohFT's provide an "algebraic 
home" for the counts of "vortex bubbles" that first appeared in Gaio-Salamon [3]. Thus 
morphisms of CohFT's are proposed as generalizations of the "mirror maps" in Givental 
[1], who studied semipositive toric varieties and complete intersections therein. There 
have already been a number of attempts in this direction, see for example Iritani [B]. 
However, we do not discuss this direction here. Neither do we discuss the relation 
with higher genus invariants, which seems somewhat mysterious to us at the moment 
(although morphisms of CohFT's can be expected to intertwine higher genus correlators 
for a fixed curve pT]). 

The contents of the paper are as follows. Section 2 describes the definition of mor- 
phisms of CohFT in more detail. In Sections 3- 5, we use the local toric description of 
i(A) in [9] we give an explicit description of which boundary divisors are Cartier; this 
makes the definition precise. Section 3 describes combinatorially the cones of the toric 
singularities that appear. Section 4 computes the space of Cartier divisors in these toric 
varieties. Section 5 describes which combinations of boundary divisors in M„ i(A) are 
Cartier, and contains the main result of this note: the relations on the space of Cartier 
divisors are the kernel of the push-pull map defined by the incidence relation on subsets 
and partitions. The last Section 6 sketches a notion of composition of morphisms of Co- 
hFT's. Essentially composition is not quite defined by rather depends on the choice of 
additional data. However, there is a good notion of a commutative triangle of CohFT's. 

We thank Ezra Getzler, Sikimeti Ma'u, Joseph Shao, and Constantin Teleman for 
helpful discussion and comments. 



Let Mn denote the Grothendieck-Knudsen moduli space of genus zero n-marked stable 
curves, a smooth projective variety of dimension dim(M„) = n — 3. The boundary of M„ 
consists of the following divisors: for each splitting {1, . . . ,n} = Ji U/2 with I/2I > 2 
a divisor 



corresponding to the formation of a separating node, splitting the surface into pieces 
with markings Ji, l2- The divisor Dj^uj^ is isomorphic to M|/j|+i x M\j^\+i. Let 
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denote the Kunneth decomposition of its restriction to 
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Definition 2.1. An (even, genus zero) cohomological field theory is a datum (V^, (/i"')„>2) 
where ^ is a vector space and (/i")„>2 is a collection of composition maps 

such that each is invariant under the action of the symmetric group Sn on and the 
maps (/i")„>2 satisfy a splitting axiom: for each partition Ji U /2 = {1, . . . , n}, without 
loss of generality with G /2, 

j 

where Pi,j,P2,j are as in ([T]). 

The collection of composition maps (/i")„>2 (which are termed in Manin [8] Commoo- 
structures) may be viewed as "complex analogs" of the A^o -structure maps of Stasheff, 
in the sense that the relevant moduli spaces have been "complexified". The various 
relations on the divisors in M„ give rise to relations on the maps yU.". In particular 
the relation [-D{o,3}u{i,2}] = [-D{o,i}u{2,3}] in H'^^M^) implies that : V ®V ^ V \s 
associative. 

The notion of morphism of CohFT's based on the geometry of the complexified mul- 
tiplihedron M„^i(A) introduced in Ziltener [12] and studied further in Ma'u- Woodward 
[9]. Let A denote an affine line over a field k. 

Definition 2.2. A scaling on A is an element of the space f2^(A)^ of translationally 
invariant one-forms. A marked scaled line is an affine line, which may assume is A, 
equipped with a scaling a G f2^(A)'^ and a collection zi, . . . , G A of distinct points. 

From now on, we take k = C. The moduli space M„ i(A) of scaled n- marked lines admits 
a compactification by allowing nodal curves as follows: 

Definition 2.3. A nodal marked scaled affine line consists of 

(a) A projective nodal curve S = (So, . . . , S„) of arithmetic genus zero, 

(b) A collection z = (zq, . . . , Zn) of distinct, smooth points, such that zq G Sq; 

(c) A (possibly zero or infinite) scaling on S^, where denotes the affine line obtained 
by removing the node connecting Sj to the root vertex, or zq if i = 0; 

satisfying the condition that on any path from the root vertex Sq, to the component 
containing a marking, there is exactly one colored component with finite scaling; the 
components before (resp. after) this component have infinite (resp. zero scaling). A 
nodal marked scaled affine line is stable if each component with finite scaling has at 
least two special points, and each component with degenerate scaling has at least three 
special points. The combinatorial type of a nodal scaled affine line is the rooted colored 
tree T = (V(r), E(r)) whose vertices are the components of E, edges are the nodes and 
markings, and colored vertices V^°'(r) C V(r) the vertices corresponding to components 
with non-degenerate scalings. 
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Let M„ i r(A) resp. M„^i(A) denote the moduli space of scaled n-marked affine lines 
of type r resp. the union over combinatorial types. By [9] these moduli spaces admit 
the structure of quasiprojective resp. projective variety of dimension 

(2) dim(M„,i,r(A)) =n-2 - #E(r) + # V^°i(r), dim(M„,i(A)) = n-l. 

The space M„^i(A) was first studied in Ziltener's thesis [I2] in the context of gauged 
Gromov-Witten theory on the affine line. 

In the first non-trivial case n = 2, there exists an isomorphism 

M2,i(A)^P\ [^1,^2] ^2:1-2:2 

with two distinguished points given by nodal scaled affine lines, appearing in the limit 
where the two markings become infinitely close or far apart. More generally, for arbi- 
trary n there exists for any choice of {«, j} C {1, . . . , n} of subset of order 2 a forgetful 
morphism 

: M„,i(A) ^M2,i(A) 

forgetting the markings other than z, j and collapsing all unstable components, and for 
any choice {i, j, /;;,/} C {0, ... , n} of subset of order 3 a forgetful morphism 

given by forgetting the scaling and all markings except i, j, k, I, and collapsing all stable 
components. The product of forgetful morphisms of the type above defines an embedding 
into a product of projective lines. 

The variety M„ i(A) is not smooth, but rather has toric singularities, see Section 2. 
The boundary divisors are the closures of strata M„^i^r of codimension one. From the 
dimension formula ([2]) one sees that there are two types of boundary divisors. First, for 
any J C {1, . . . , n} with |/| > 2 we have a divisor 

corresponding to the formation of a single bubble containing the markings /. This divisor 
admits a gluing isomorphism 

(3) ^M|,|+ix M,,_|j|+i,i(A). 

Call these divisors of type I. Second, for any partition Ji U . . . U of {1, . . . ,n} of size at 
least two we have a divisor -D/iu...u/r corresponding to the formation of r bubbles with 
markings Ji, . . . attached to a remaining component with infinite area form. This 
divisor admits a gluing isomorphism 

(4) Dj^u...uir = ^nM|,,|,i(A)j X Mr+i. 

Call these divisors of type II. Note that the divisors of type I and type II roughly corre- 
spond to the terms in the definition of A^o functor. 
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Since M„^i(A) is not smooth, not every Weil divisor is Cartier, in particular, every 
divisor does not admit a dual cohomology class of degree 2. That is, for a Weil divisor 

/ /iU...U/r={l,...,n} 

there may or may not exist a class 5 G if ^(M„^i(A)) that satisfies 

(A [Z}]) = (/3A(5,[M„,i(A)]). 
Let {y, (/iy)n>2) and {W, (/iiV)n>2) be cohomological field theories. 

Definition 2.4. A strong morphism of cohomological field theories is a collection of maps 

0" : V^^" ® i7(M„,i(A), Q)^W, n > 1 

such that for any Cartier divisor D of the form (JSj) with dual class 5 G iJ^(M„_i(A)) we 
have 

(6) 0"(a,/3A5) = J]n,0"-l^l+^(/ii;i(a„^ G ^ 

+ Y nj^^,„j^fi\y{(j)\^'\{ai,i G ■),..., 0l^''l(ai, i G /r; ■); Ol^/iu.-.u/./^) 

where ■ indicates insertion of the Kunneth components of j^l3, using the home- 

omorphisms ([3]), (jlj). A weak morphism of CohFT's is defined similarly but with the 
additional data of an element 0° G and the splitting axiom allowing arbitrary num- 
bers of insertions of 0*^, that is, 

(7) 0"(a,/5 A 5) = 5^n,0"-l^l+^(/ii;i(a„z G /; ■),a„j ^ /; 

I 

r<s,IiU...Ulr 

0l^^l(a„ z G ■), . . . , Wi,u...uuP)/is - r)\. 
A morphism of CohFT's is either a weak or strong morphism of CohFT's. 

Example 2.5. Ma,! (A) = and so every Weil divisor is Cartier and any two prime Weil 
divisors are linearly equivalent. In particular, the equivalence [-D{i,2}] = [-D{i},{2}] holds 
in H\M 2,i{A), Q) = Q. Hence if : {V, (/i^^)„>2) ^ {W, (/i^V)n>2) is a strong morphism 
of CohFT's then (p^ : V ^ W is a. homomorphism, (p^ o fiy = fiyy o (0^ x 0^). If (0")n>o 
is a weak morphism of CohFT's, we have instead that 

(8) (0^ o f^l){v„ V,) = J2 f^wi<P\^i)A\v2), 0°, . . . , 0°)/(. - 2)! 

s>2 

for all Vi,V2 G V. 

Recall that the notion of CohFT may be reformulated as a Frobenius manifold struc- 
ture of Dubrovin [1], consisting of a datum (V, g, F, 1, e) of an affine manifold V, a metric 
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g on the tangent spaces, a potential F : V ^ k whose third derivatives provide the tan- 
gent spaces TtV with associative multiphcations, a unity vector field 1 and an Euler 
vector field e providing a grading. 

Proposition 2.6. (see |8]j An CohFT (V, {fi^)n>2) has a canonical Frohenius structure 
with potential defined by F{v) = J2n • • • ? Conversely, any Frohenius structure 

defines a CohFT. 

Later, a weaker notion of F -manifold was introduced by Manin and Hertling [5], which 
consists of a pair [V, o) where o is a family of multiplications on the tangent spaces TtV 
satisfying a certain axiom. In other words, one forgets the data (?, 1, e. If {V, o) and 
{W, o) are F-manifolds then a morphism of F -manifolds is a smooth map (p : V W 
whose derivative Dt(f) is a morphism of algebras from TtV to T^(^t)W for all t E V. In 
particular, Do(j) = (p^ is an algebra homomorphism from TqV to T^oW. The F(robenius) 
interpretation of morphism of CohFT is the following: 

Proposition 2.7. Any morphism of CohFT's (0")n>o from V to W defines a morphism 
of F-manifolds via the formula (j) : V ^ W, v X]n>o ^'^"(^'' • • • ? ^0- 

Proof. Consider the relation -D{i,2} ~ -D{i},{2} in Af2,i(A). Its pull-back to M„^i(A) is the 
relation h ^h,h,--;ir ~ J2i where the first sum is over partitions Ji, . . . , with 

1 G /i, 2 G I2, and the second is over subsets / C {1, . . . ,n} with {1,2} C /; this follows 
easily from the definition of the forgetful morphisms. We obtain from the splitting axiom 
the relation 

{n -Y.i,)\{h - m^2 - 1)! n^.' K^, • • • 1) 

j=l j=3 / 

0^^(6,t,...,t;l),(^^^(t,...,t;l),...,0^'-(t,...,t;l);l) = 

^((, - 2)!(n - z)!)"V"-^+'(/^V(«, t, . . . , t), t, . . . , t; 1) 

n,i 

which gives that Dtcf) is a homomorphism. □ 

It would be interesting to characterize which morphisms of F-manifolds arise from 
morphisms of CohFT's. This would require a study of the cohomology ring of M„^i(A) 
along the lines of Keel [7] for the moduli space of stable marked genus zero curves; this 
paper is essentially a partial study of the second cohomology group only. The most naive 
possibility would be a positive answer to the following analog of Keel's result: 

Naive Conjecture 2.8. if(M„^i(A)) is generated by the classes of the Cartier boundary 
divisors (described below in Theorem \5. 1\) modulo the following relations: 

(a) the images of Z}{i}{2} — -^{1,2} under the forgetful morphism /•*• : M„ i(A) 
M2,i(A), as i,j range over distinct elements of {1, ... ,n}, and 

(b) the products D'D", if D' and D" are disjoint Cartier divisors. 
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3. Local structure of the moduli space of scaled curves 

In this section we review the local description of the moduli space of scaled curves 
M„,^i(A) given in Ma'u- Woodward [9]. 

Definition 3.1. A colored tree F is a finite connected tree consisting of a set of vertices 
V(r), a set of edges E(r), a distinguished semi-infinite edge cq G E(r) (called the root), 
and a subset of colored vertices V*^°'(r) C V(r) such that any non-self-crossing path from 
the root to any other semiinfinite edge crosses exactly one colored vertex. F is stable 
if the valence of any colored resp. uncolored vertex is at least two resp. three. The 
endpoint adjacent to the root edge is the principal vertex of V. Denote by wq, Vg-i the 
uncolored vertices, with vq as the principal vertex, that is, the vertex adjacent to the 
root edge. Given two vertices Vi and Vj, we define Vj to be below Vi if there exists a non 
self-intersecting path starting from vq to some colored vertex such that the path passes 
through Vi before it does through Vj. We can define analogously this partial relation 
between two edges and between a vertex and an edge. Define the principal branches of a 
vertex Vk to be the edges below Vk which have Vk as one of their endpoints. The branches 
di, dm of the principal vertex vq are called the principal branches of F, and the set of 
principal branches is denoted B(F) 

A map if : E(F) — > C is balanced if it satisfies the following condition: denote by 
V~(F) the set of vertices on the root side of the colored vertices, that is, connected to 
the root by a path not crossing a colored vertex. For each vertex v G V~(F) and any 
colored vertex v' connected by a path of edges not crossing the root, let p{v,v') denote 
the product of the values of ip along the unique path of edges from v to v'. Then ip is 
balanced if p{v,v') is independent of the choice of colored vertex v'. Let X{T) denote 
the set of balanced labellings: 

(9) X(F) := {if : E(F) ^ C | G V~(F), p{v,v) is independent of v' G ^^"'(F)}. 
The subset 

T(F) = X{T) n Hom(E(F), C*) 

of points with non- zero labels is the kernel of the homomorphism Hom(E(F),C*) — ^ 
Hom(V~(F), C*) given by taking the product of labels from the given vertex to the 
colored vertex above it, and is therefore an algebraic torus. The torus T(F) acts on 
X(F) by multiplication with a dense orbit. 

Example 3.2. The tree F in Figure 1 is a colored tree with n = 4, g = 3,m = 2. The 
space of balanced labellings is 

X(T) = {(xi, xe) G I X1X3 = X1X4 = X2X5 = X2Xe, X3 = X4, x^ = xq} 

and admits an action of the torus T(F) = {(xi, ■■.,xq) G ^(F) | Xj 7^ 0} ^ (C*)"^. 

Proposition 3.3. [5] There exists an isomorphism of a Zariski open neighborhood of 
^n,i,r Mn,i,r x X{r) with a Zariski open neighborhood of Mn^i^r in M„^i(A). 
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Figure 1. A colored tree 

Recall that affine toric varieties are classified by finitely generated cones [2]. We wish 
to give a description of the cone C(T) that induces the toric variety X(T). Note that 
the part of F below the colored vertices does not affect X{r). Hence, for the rest of this 
section, it suffices to assume that the colored tree F that does not contain any vertex 
below any colored vertex. Recall from e.g. [21 p. 18] that the coordinate ring of -'^(F) is 
generated by symbols for fi G C(F)^, modulo the ideal /(F) generated by relations 

('1n^ f^N _ fPl f^N 

V / J fj,! ■••J ■■■•'Miv 

where ai, ...,aAr,/3i, ■■■,/3n are non negative integers satisfying 

ai/ii + ... + aNfJ'N = A/ii + ... + f^Nf^N- 

We define a labelling of the edges by weights recursively as follows. First consider the 
case that F is a tree with one non-colored vertex. Label the edges below the vertex Vi 
by some variable e*. Next suppose F has g non-colored vertices. By induction, assume 
that we have labelled the edges of the principal subtrees Fi, F^ of F, that is, the trees 
Fi, ...,Fm which correspond to the vertices adjacent to the vertex in the root edge. We 
have thus labelled all the edges of F except for the principal branches. Denote by s(F) 
the sum of the labels of the edges of a non-self-crossing path from the principal vertex 
to a colored vertex. Denote = s(Ffc) for each tree F^. If Vg is the principal vertex, let 

(11) s = s{T) = e*g + si + ... + Sm. 
Label the principal branch di with 

(12) Wd, = s- Si = e*g + ^Sj. 

All the edges d of T are now labelled by weights Wd- 
Example 3.4. Figure 2 illustrates the labels of the edges of F. 

Using f|T2l) . one sees that s = s(F) is the sum of the labels of the edges of a non-self- 
crossing path from the principal vertex wq to a colored vertex and s is independent of 
the path chosen. Define x(r) to be the convex cone generated by the weights Wd, 

m 

(13) x(r) = hull {n I d e E(F)} = hull U x(r,) u {n^ | l < z < m}. 
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Figure 2. An example of a labelling 



Theorem 3.5. There is a canonical isomorphism from X{r) to Spec(C[x(r)]). 
The proof will be given after the following lemma. 

Definition 3.6. Suppose A, B are two disjoint subsets of E(r). We write A ~ i? if there 
exists a vertex and two non-self-crossing paths 71 and 72 from that vertex to some two 
colored vertices so that A and B respectively contain exactly the edges of the paths 71 
and 72. 

Example 3.7. The set A = {xi,X3} is equivalent to B = {x2,xq} in example above. 
Lemma 3.8. Suppose A and B are two disjoint multisets of elements o/E(r). Then 



if and only if A and B can be partitioned into disjoint unions of {Ai, A,.} and 
{Bi, Br} where Ai Bi for I < I < r . 

Example 3.9. In the example above, A = {3xi, 2x3, X4, X5} and B = {3x2,4x6} satisfy 
(HM . Hence, we can write Ai = {xi,X3} ~ i?i = {x2,Xq}, A2 = {xi,X3} ~ ^2 = 
{x2, xe}, A3 = {xi, X4} ~ ^3 = {x2, xe}, ^4 = {xs} r-. Bi = {xe}. 

Proof. The only if part is already discussed. We only need to show the other direction. 
As before, it suffices to consider the case that there are no non-colored vertices below 
the colored vertices. When the number of non-colored vertices is 1 , the statement of the 
lemma is trivial. Assume the proposition holds for any tree with number of vertices less 
than g. Consider a tree F with g non-colored vertices. Denote by ai, and (5m 
the multiplicities of the principal branches di, ...,dm in A and B. Since A fl 5 = 0, we 
have aiPi = 0. Equation (1141) implies 



(14) 




m 



m 



(15) 




i=l 



for every 1 < i < m. Without loss of generality, we can assume (3i = 0. Then 




dGAnTi 



d'eBnFi 
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By induction, we may assume that there exists a partition A fl E(rj) and B fl E(rj) into 
{A\, A*.} and {Bl^,_^_^, Bl_} such that for 1 < j < Oj, A* contains exactly all edges 
of a non-self-crossing path from Vi to a colored vertex. Moreover, for -|- 1 < j < rj, 

(16) A^r^B}. 

Since A contains principal branch dj, we can add one edge di in each Aj for every 
1 < j < ttj- After this modification, A* ~ Bf for 1 < j < + and 1 < I < dk + Pk- 
Then (fTSjl and (fT6l) imply that we can partition A and B into {Ai, Ar} and Br} 
such that ~ Bi for every 1 < i < r. □ 

Proof of Theorem \3. 5\ Let A = {aiWdj^, ...,a]yWdj^} audi? = {PiWdj^, /SjyWdj^}- Lemma 
13.81 yields that A and B can be partitioned into Ai, A^, Bi, Br so that Ai ~ i?j for 
1 < i < r. Thus, by the description (ITO!) of the relations, Spec(C[x(r)]) = X{T). □ 

It follows from the theorem that the cone C(r) corresponding to the toric variety 
X(r) is the cone dual to the rational span of x(r)- Next we find a minimal set G{r) of 
generators of C(r) by an inductive argument on the number of vertices g{r) of F. 

(a) If ^(r) = 1, then G{T) = d. 

(b) If 5- > 1, thenG(r) = {eg+ai{wi-eg)+...+am{wm-eg)\ Wi G G(Ti),ai G {0, 1}}. 

The cone C(r) is (7-dimensional and the vectors in G(r) are in C M^. 

Theorem 3.10. G'(r) is a minimal set of generators ofGiT) = (hullQ x(r))^- 

Example 3.11. The tree F in Figure 1 can be split into two principal subtrees Fi and 
F2, as illustrated in Figure 2. Since G(Ti) = {ei} and G{T2) = {^2}, we obtain G(T) = 
{ci, 62, 63, €1 + 62 — 63}. The cone generated by {ei, 62, 63, ei + 62 — 63} is the cone C(F) 
corresponding to the toric variety X(F). 

Proof of Theorem \3.1(A We must show that C(F) = C(F), where C(F) is the cone gen- 
erated by vectors in G(T). First note that with s as in (ITT]) , for every v G G(F), 

(17) {s,v) = l. 

This follows by induction on the number of vertices from the observation that 

m 

(s, w) = 1 + ^ ai{{si, Vi) - 1). 
1=1 

Next we show C(F) C C'(F). For v G G{V) and w G x(r), either {w,v) = ai{w,Vi) 
if G G{Ti) or {w,v) = {s — Si,v) = {s,Vi) — ai{si,Vi) = 1 — at if w = Wd^ for some 
1 <i<m. Hence {w, v) > and C(F) C C{T). 

Given v G C(F), we now show that is a non- negative linear combination of elements 
of G{r). For g = 1, the claim is trivial. Assume the claim is true for all trees with less 
than g vertices. Let F be a tree with g vertices. Since xi^i) C x(r), we can write v 
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uniquely v = —(3eg + ^ where /? G M and zi G CiVi) = C{Ti). Write Zi = ^ Xv v 
where Xv^ > 0. Hence we can write 

m 

If /5 < then we are done since Cg G G{T). If /? > 0, denote by 

A.= E A«>0. 

Then by (HZD, {w^,, v) = -/3 + E A, > 0. 

To write w as a non- negative linear combination of elements in x(r), we proceed as 
follows. Without loss of generality, assume = min{Ai, Am}. If A^ = 0, then move 
to the second minimum. If Am >0, forl<z<m — 1, split each sum 

v&GiFi) veGiVi) 



where 'yv\6v'^ > 0,7^*^ + 6v^ = Xv^ and ^ Sv'' = Xm- Since 

v£C{T,) 

E ^^'= E ^^^ = ^- 

v(iC{Ti) v£C{T^) 

we can write 

m—1 

-(m-l)Ame, + E( E E ^^^^ 

i=l v&G{Vi) vaGiTm) 

as non-negative linear combination of elements of G{T). If —(3' = —f3 + (m — 1)A,„ > 0, 
we are done. Otherwise, reapply the process to 

m—1 

-/5'^. + E E 

i=l veGiVi) 

This is justified since 

m — l m—1 m—1 

E lj = -P+{m-l)X^+ E (A,-Am) = -/? + EA.>0. 

This process has to stop at some time and therefore we obtain v has to be a non-negative 
linear combination of elements in G{r). Hence C(r) = C*(r). 

It remains to show that G{r) is a minimal set of generators of C(r). We argue by 
induction: suppose that G(Ti) is a minimal set of generators for each G(Ti). Let v G G(T) 
be non- negative linear combination of other elements in G'(r). Then projecting onto the 
space spanned by GiTi) gives a violation of the inductive hypothesis. □ 
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The following corollaries follow immediately from Theorem 13.101 

Corollary 3.12. The dimension of X{r) equals the number of non-colored vertices g{T). 

Corollary 3.13. If the number of 1 dimensional faces of C{Ti) is Ti for 1 < i < m, then 
the number of 1 dimensional faces of C{T) is r = (ri + l)...{rm + !)■ 

4. Local description of Cartier boundary divisors 

Recall the description of invariant Weil divisors of an affine toric variety X[r) with 
cone C(r) [2]: 

Proposition 4.1. There is a bisection between the one dimensional faces of C{T) with 
the invariant prime Weil divisors of X(T). 

We first identify the invariant prime Weil divisors of X{T). 

Definition 4.2. A subset Y = {yi, y^} C E(r) is called complete if it has the following 
property: when we set = 0, the relation Xk-.-Xi = holds for some edges 

k, e E r if and only if at least one of the edges in the product is in Y. 

Definition 4.3. A complete subset Y of E(r) is called minimally complete if it does not 
properly contain any complete subset of E(r). 

Denote by 2^(r) the set of minimally complete subsets Y C E(r). A minimally 
complete subset can be characterized combinatorially as follows. 

Example 4.4. The minimally complete subsets of E(r), where F is the tree in Figure 1, 

are {xi,X2}, {xi,X5,Xq}, {x2,X3,X4}, {x3,X4,X5,X(i}. 

Lemma 4.5. A subset Y C E(F) is minimally complete if and only if each non-self 
crossing path from Vq to a colored vertex contains exactly one edge in Y. 

Proof. Suppose Y is minimally complete and y E Y . If is the upper endpoint of y, 
then all the variables of the edges above Vk are not in Y . An induction argument implies 
any path from vq to a colored vertex contains exactly one edge in Y . The proof of the 
converse is similar. □ 

Corollary 4.6. // the number of minimally complete subsets of E(Fj) is r^, then the 
number of minimally complete sets o/E(F) is r = (ri + l)...(rm + 1). 

From Corollary 13.131 we also obtain 

Corollary 4.7. The number of 1 dimensional faces of C{T) equals the number of mini- 
mally complete subsets o/E(F). 



We can now describe the set of invariant Weil divisors of ^(F) as follows. 



MORPHISMS OF COHOMOLOGICAL FIELD THEORIES 



13 



Proposition 4.8. There is a bijection between the set of invariant prime Weil divisors 
and the set of minimally complete subsets o/E(r). More explicitly, each invariant Weil 
divisor has the form Dy = {{xi, ...,Xi\f) G X{r) \ Xi = Vxj G Y} for some minimally 
complete subset Y . 

Proof. Suppose D is an invariant Weil divisor of ^(r). Tlien D is the union of some 
orbits. Given a point (xi, ...,XAr) G D, define 

Y = {i\xi = 0,1 < I < N}. 

The orbit of this point under the torus action is 

Dy = {{xi, xn) G X(r) \xi = 0\/ieY and Xk ^ VA; ^ Y}. 

Since D is a subvariety, D must contain the Zariski closure of Dy, which is Dy. 

We now show if Dy is a subvariety of codimension 1, then Y is minimally complete. 
We notice that given a minimal complete subset Y C E(r), for each principal subtree 
Fj, either x^- = or Dy induces a minimally complete subset 1^ of E(rj). Hence 
the dimension of Dy is g(Ti) + ... + g(Tm) = 9 — 1- Thus Dy is a subvariety of -'^(r) of 
codimension 1. From this argument, it also follows immediately that if y isn't minimally 
complete, then Dy is a subvariety of X(r) of codimension at least 2. Hence, the torus 
invariant subvarieties of X(r) codimension 1 are exactly all Dy, where Y C E(r) is 
minimally complete. 

It is left to show that each Dy is prime. From Proposition 14. II and Proposition 14. 7^ the 
number of Weil divisors equals the number of 1 dimensional faces of C(F) which equals 
the number of minimally complete subset of E(F). Therefore the invariant Weil divisors 
of X{r) are exactly all Dy, where Y C E(F) is minimally complete. □ 

Example 4.9. The invariant prime Weil divisors of X(T) from Figure 1 are -D{i,2}, -D{i,5,6}, 

-D{2,3,4}5 -0(3,4,5,6} • 

We describe the rays of C(r) corresponding to minimally complete subsets. Let D = 
Dy be Weil divisor as above. Unless x^. G Y, the principal subtree Fj has an induced 
Weil divisor Dy^ C ^(Fi). 

Proposition 4.10. Let Dy,Dy^ be as above. Assume that the corresponding 1 dimen- 
sional face of Dy. is generated by Vi G G'(Fj) C G(F). Let I = {i\ Xd, ^ Y,l < i < m}. 
The corresponding 1 dimensional face t of C (F) is generated by 



Proof. Denote = U Hom(Z^?, Z) and = U Hom(Z9, Z) . Let G Hom(r^ n 
M, C*) and (p G Hom(r^ fl M, C) be the image of in the zero extension map Hom(r^ fl 
M,C*) Hom(r^ n M,C). Notice i G / if and only if (j){vi) = 0. By induction, 
corresponds to the point (ai, ...,a7v) G X(r) where aj = if and only if either xj G Yi 



(18) 
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for some i & I oi xj = x^- for some i ^ I. Hence the closure of the orbit 0(r) is exactly 
Dy. " □ 

We recall the classification of Cartier divisors of a toric variety X with cone C. 
Theorem 4.11. The divisor ^ ayDy is a Cartier divisor if and only if there exists 

Y£V{T) 

ue M = Hom(Z'',Z) such that {u,vy) = ay. [2] 
For each vertex Vk of F, we define 



Vk = {Dy I Y contains some edges of F^}, Dk = D. 

DeVk 

Hence if Dy G V^, Y does not contain edges of F which are above Vk- 

Proposition 4.12. The group of invariant Cartier divisors is generated by Dq, -D^-i- 

Example 4.13. The set of Cartier divisors of ^(F), where F is the tree in Figure 1, is 
generated by 

{D{1,2} + -D{1,5,6} + -D{2,3,4} + -D{3,4,5,6}, -D{2,3,4} + -D{3,4,5,6}, -D{1,5,6} + -D{3,4,5,6}}- 

Thus n{i,2}I^{i,2} +'^{3,4,5,6}^{3,4,5,6} + '^{i,5,6}^{i,5,6} +"'{2,3,4}^{2,3,4} IS a Cartier divisor 
if and only if riji^s} + ^^{3,4,5,6} = ^^{1,5,6} + ^^{2,3,4}- 

Proof of Proposition We first check that Dk is a Cartier divisor. Recall the notation 
in (fTTl) . Sk = s(Ffc) G Hom(Z^,Z) for each vertex v^- Note that Sk satisfies {sk,vy) = 1 
if y G and {sk,Vy) = otherwise. Indeed, for each Y G V^, Dy induces another 
Cartier divisor Dy^, and by (fT7|) . we have {sk,vyi^) = 1. This implies {sk,vy) = 1. On 
the other hand, if F ^ Vk, then Y does not contain any edges in F^. Thus, {sk, vy) = 0. 
Hence Dk is a Cartier divisor. Moreover, Sk — J2 -^i = ^k*- Hence, {sk}o<k<g-i 

generates M. Therefore, Dq, Dg_i generates the set of Cartier divisors of X{r). □ 

We have the following description of the subspace of Cartier divisors of X{r). 
Theorem 4.14. '^n£,D is a Cartier divisor of X(r) if and only if YI'^^dI^d = for 

D D 

every {mu)D £ that satisfies ^ = for every edge i G E(F). Here W is the 

Y:i£Y 

number of prime Weil invariant divisors of X{T). 

Proof. The set of integral Cartier divisors of ^(F) forms a sublattice TV of the space 
of integral Weil divisors Z^. Since Dq, Dg^i are M- linearly independent, A^k has 
dimension g. Suppose {mD)D ^ such that ^ = for all i. Consider a non- 

Y:i£Y 

self-crossing path from a vertex Vk to a colored vertex. By summing over edges of the 

j 

path, we obtain Yl = J2 J2 "^Dy = 0. Thus, if 'Yj'^dD is a Cartier divisor, then 

DeDfc i=l Y-.i&Y D 
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D is a combination of -Do, • • • , Dg-i and so Yl f^DfiD = 0. On the other hand, the set 

D 

of {m£))D G that satisfies the condition in the Theorem forms a sublattice with 
dimension at least W — g, since the conditions are hnearly independent. Therefore, the 
dimension of A^r, which is a subspace of N^, is at most g. Combining these observations 
shows = N^. 

Suppose that {n£,)o G Z^ satisfies the condition in the Theorem. By the previous 
paragraph, 

1 

D j=0 

for some integers rj and s such that s > 0. It is suffices now to show that s|rj for every 
0<'^<5' — 1. To see this, note that 



D \i=0 D&>i J \ D i:DeX 



ri)D 



Thus 



s ^-^ 



For the principal vertex uq, define = Dy where Y = {di, ...,dm}- More generally, 
for any vertex Vk, let 7^ be the down-path from vq to Vf^, and let D'^ to be the divisor 
D'' = Dy where Y is the set of edges immediately below the vertices in 7^. Then 



(19) n^fc = - V ri e Z 

s ^-^ 

Since n£,o e Z, we obtain s\ro. Induction on the length of the path 7^ gives s\rk. □ 



5. Global description of Cartier boundary divisors 



In this section we give an explicit criterion for a divisor D of the form ([5]) to be 
Cartier. It is easy to see from the local description of the moduli space given below that 
any divisor of type I is Cartier, so it suffices to consider divisors of type II. To describe 
the answer, let / = {1, . . . , n}, Par(/) the set of non-trivial partitions of /, and V{I) the 
power set of non-empty proper subsets of I. We identify the set of prime Weil boundary 
divisors of type I with the subset of elements of V{I) of size at least two, and the prime 
Weil boundary divisors of type II with Par (J). Thus in particular the space of Weil 
boundary divisors becomes identified with Z[Par(J)], by the map 

|j]n(P)Dp| ^ Z[Par(/)], ^n{P)Dp ^ n. 

Let Z{I) denote the natural incidence relation, 

Z{I) = {{S, P) e V{I) X Par(J) \S eP}. 
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Let p : Z{I) — > V{I), q : Z{I) Par (J) denote the projections. We have a natural 
map from the space of functions on Par(/) to functions on V{I) given by puUback and 
push-forward: 

p,q* : Z[Par(/)] ^ Z[P(/)], {p.q*h){S) = J] h{P). 

seP 

A relations on the space of Cartier divisors is a collections of coefficients {Tra/i,...,/^} G 
Z[Par({l, . . . , n})] such that 

mi^,...,Irnh,...Jr = 

h,...,Ir 

for every Cartier divisor D = Yli^ j^T^h,...,ir^h,-,ir- The space of relations forms a 
subgroup of Z[Par(/)]. The main result of this note is the following: 

Theorem 5.1. The group of relations on the space of Cartier divisors of type II is the 
kernel of p^q* . The space of Cartier divisors of type II is the image of TjIVII)] under 
q*p*- 

Example 5.2. For n = 2 there are two boundary divisors and no relations. For n = 3 there 
are six boundary divisors and no relations. For n = 4 there are 2, 3, 4})| —4 = 11 

boundary divisors of type I, and | Par({l, 2, 3, 4})| = 1 + 6 + 3 + 4 = 14 boundary divisors 
of type II. A divisor 

is Cartier only if the three relations (as i,j, k, I vary) 

(20) 'f^{i,j},{k}S} + ^{i},{j},{k,i} - n{i,j},{k,i} - n{i},{j}^{k},{i} 

hold. Thus the space of Cartier boundary divisors of type II is a 11-dimensional subspace 
of the space of the 14-dimension space of Weil boundary divisors of type II. 

Let F be a colored tree, and choose a bijection from the set of colored vertices of F to 
/ = {l,...,n}. 

Definition 5.3. A tree F is simple if it has a single vertex. 

For each partition {/i, 7^} of / = {1, n}, define the tree F/^ j,. as follows: F/^ ... 
has r principal subtrees which are respectively the simple trees whose colored vertices 
are those in J^. Given v,v & Vert(F), we write vEv if there is an edge connecting v and 

V. 

Definition 5.4. A tree homomorphism f : Vert(F) — > Vert(F') is a map that maps the 
vertices and edges of F to the vertices and edges of F' respectively and satisfies: 

(a) / maps the principal vertex vq of F to the principal vertex v'q of F'. 

(b) If v,v & Vert(F) satisfies vEv, then f{v)Ef{v). 

(c) / maps bijectively the set of colored vertices of F to the set of colored vertices of 

r. 
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Definition 5.5. A partition {Ji, ...,/r} of {1, ...,n} is compatible with F if there exists 
a tree homomorphism / : F — > F/^ 7^. The set of compatible partitions of F is denoted 
by Par(F). 

Denote by Par(F) the set of compatible partitions of F. 

Proposition 5.6. There is a bijection between the set of compatible partitions and the 
set of minimally complete subsets o/E(F). 

Example 5.7. For the tree F in Figure [H the correspondence between the minimally 
complete subsets of E(F) and the compatible partitions of {1, ...,n} is 



Proof. When g = 1, there is one minimally complete subset which corresponds to the 
partition {{1}, {n}}. Given a minimally complete subset Y = {yi, ...,yr}- By cutting 
the edge yk, we split the tree into two parts. Denote by Ik the set of colored points in the 
part not containing the root of F. Then Ji, is a nontrivial partition of {1, ...,n}. We 
can construct a homomorphism / : F — > F/^^...^/^ as follows. For each principal subtree 
Tj of F, the partition {/i,...,/^} induces a partition Pj of the set of colored points of 
Tj. In fact, the induced partition is a subset of the partition {Ji,...,/^}. Hence there 
is a natural inclusion map ij : Fp^ — > F/^ If Pj is trivial, define fj : F^ — Tp. to 
be the identity map. Otherwise, by induction hypothesis, we obtain a homomorphism 
fj : Tj — Fp. for each principal subtree Tj. The map / : F — > F/^ 7^ such that / = ijofj 
when restricted to each principal subtree Fj is a tree homomorphism we need. 

Let {Ji, ...,/r} be a compatible partition with a tree homomorphism / : F ^ T/i...../^- 
We can construct the corresponding minimally complete subset Y as follows: for each 
partition Ik, define yk to be first common edge of the paths from the colored vertices in 
Ik to the root. Let Y = {yi, ..,yr}- Note that F is a minimally complete subset of the 
set of edges of F. Indeed, suppose there exist two edges yk and yj in Y and yj is below 
yk- Then Ij fl 7^ because of the condition / maps the principal vertex vq of F to the 
principal vertex Vq of Tj-^ j^. It is not hard to verify that the constructions above are 
inverse to each other. Therefore,we obtain a bijective correspondence between the set of 
compatible partitions and the minimally complete subsets of E(F). □ 

From Proposition 15.61 we obtain a bijective correspondence between compatible par- 
titions and the Weil divisors of ^(F). For each compatible partition {Ji,...,/^} of F, 
denote by Dj^ j^ the corresponding invariant prime Weil divisors of X(T). We prove 
the main result: 

Proof of Theorem \5.1\ Given S C {1, ...,n}. From Theorem I4.14[ we obtain 



{xi, X2} « {1, 2}, {3, 4}, {xi, X5, xe} « {1, 2}, {3}, {4} 
{x2, X3, X4} < — > {1}, {2}, {3, 4}, {xg, X4, X5, xg} < — > {1}, {2}, {3}, {4}. 





{/l,...,/.}GPar(r) 
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is a Cartier divisor of X(T) if and only if (ri/i,...,7^){7j ...^/^}gpar(r) is in the orthogonal 
complement of the kernel of p^^p, where 

: Z[Par(r)] ^ Z[P{T)], (p*g?(m))(5) = m,„...,,^. 

S£{Il,...,Ir} 

Note that there is a natural embedding of Kerp^g^ in Ker p^g* by the map vrp : Ker p^g^ 
Kei p^:q* which preserves mj-^ j^ if {Ji,...,/^} G Par(r) and maps the other m/^^...^/^ 
, where {Ji, Ir} ^ Par(r), to 0. The image of vrp is a subspace of Kerp*g* and 

h,...,Ir 

is a Cartier divisor of X(r) if and only if (n/^^,,,,^^) G cokerTTp. Hence, ^ 'T'/i,....,/r-D-fi,.--,^r 

/l,.--,/r 

is a Cartier divisor of all X(r) if and only if (n/^,...,/^) G f^cokervrp. Thus, it suffices to 

r 

show that Kerp^,g* C huU^ image vrp. We proceed by induction on the number of colored 
vertices. Denote by Tree„ the class of colored metric trees with n colored vertices. For 
n = 1, the statement is obvious. Denote by Sj C Tree„ the subclass of trees T such 
that the principal subtree of F containing the colored vertex j is a simple tree with at 
least 2 branches. Also, denote by Sj C Tree„ the subclass of trees F such that the 
principal subtree containing colored vertex j is a simple tree with exactly 1 branch. De- 
note by Parj(/) C Par(J) the set of partitions {Ji,...,/^} such that {j} ^ {/i, 7^}. 
Given m = (m/^^...^/^) G ker(p^,g*) and F in iS„, denote by mp the orthogonal projection 
of m = (rra/^^.j^) to the subspace imagep^gp. Then v = rh — has {Ji,..., J^}- 

coordinate equal for every {Ji, J^} G Par„(J) and for {{1, n — 1}, {n}}-coordinate. 
For the {/i, 7^, {ri}}-coordinate of v, we abuse the notation by denoting t'/i,...,/^ = 
vij^,...j^,{n}- By the inductive hypothesis, we obtain W7i,...,/^_i G hullz,reTree„_i image vrp. 
On the other hand, for F G Tree„_i, image vrp can be naturally embedded in image 7rj=,, 
where F G iS^ is obtained from F by attaching a principal subtree that contains the 
colored vertex n. Thus v G huUz^pg^i image vrp C hullz,peTree„ image vrp. By induction, 
Ker(p^,g*) = hullz^pgTrco„ image vrp as claimed. 

Next we prove the second claim in Theorem 15. 1[ 

Definition 5.8. A partition P G Par(/) is simple if there exists S G V{I) such that 
5* G P and for every i ^ S, {i} G P. 

The number of simple partitions is 2" — n — 1. 

Example 5.9. When n = 4, there are 11 simple partitions: {{1}, {2}, {3}, {4}}, {{1, 2}, {3}, {4}}, 
{{1,3},{2}{4}}, {{1,4}, {2}, {3}}, {{1}{2,3}{4}}; {{1}{2, 4}, {3}}, {{1}, {2}, {3, 4}}, 
{{1,2,3}{4}}, {{1,3,4}{2}}, {{1,2,4}{3}},{{1}{2,3,4}}. 

Consider the unique natural extension maps 

{p^qlQ ■■ Q[Par(J)] ^ Q[V{I)], {q.p*)Q : Q[Par(J)] ^ Q[V{I)]. 
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From the first claim of Tlieorem 15.11 and tlie identities 

ker((p*g*)Q) = coker((g*p*)Q), ker((g*p*)Q) = coker((p*g*)Q) 

it follows that the space of rational Cartier boundary divisors is exactly the image of 
{q*P*)q- Suppose ^npDp is a Cartier divisor with integral coefficients and hence, we 
can find k e Q[P{I)] such that 

np = {q,p*)Qk{P) = J2HS). 

seP 

Define k G as follows: pick arbitrary integral values for k{{i}) such that 

k{{i}) = ?T.{{i},...,{n}}- For S G let P5 denote the unique simple partition P5 

1=1 

such that S* G P. Define 

~kiS)=np,-J2~km)- 
We show that q^p*k{P) = np. Let r = k - k E Q[V{I)]. Then 

p.gV(P) = J2CHS)-k{S)) = J2inPs-HS)-J2km) = MW) = 

S£P SeP i^s seP i^s 

since each i appears in exactly one S G P and ~ ^{{i})) = 0. Therefore, 

i 

q^p*k{P) = q^p*k{P) = np and k G Z[V{I)]. □ 

In the remainder of this section, we explore consequences of Theorem 15. II The follow- 
ing is immediate: 

Corollary 5.10. The space of Cartier boundary divisors of type II in M„,i(A) has rank 
(2" - 2) -n + 1 = 2" -n - 1. 

Note that this is the same as the rank of Cartier boundary divisors of type I of M„.i(A). 
Finally we give a geometric description of the space of Cartier boundary divisors in terms 
of the forgetful morphism / : M„ i(A) — > M„ obtained by forgetting the scaling. 

Corollary 5.11. The space of Cartier boundary divisors in M„^i(A) is generated by the 
inverse images of Cartier divisors under f and the boundary divisors of type I. 

Proof. Suppose that Ds C M„ is the divisor corresponding to some subset 5* C {1, . . . ,n}. 
Using the definition of the forgetful morphism, the inverse image f~^{Ds) is a Cartier 
divisor of M„_i(A), 

f-\Ds) = Ds + Y,Dp. 

S&P 

The second term is the image of a standard basis vector 65 G Z[P({1, . . . , n}) under the 
map It follows from the description above that modulo divisors of type I, these 

divisors generate the space of Cartier divisors of M„^i(A), which completes the proof. □ 
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We remark that the inverse image of the divisor -D{i},{2} C Af2,i(A) under the forgetful 
morphism fij : M„^i(A) — > M2,i(A) is always Cartier. 

Example 5.12. Let n = 4 and i = 1, j = 4. Then 

(21) /"^D{i},{2} = £'{l},{2},{3},{4} + ^{l,2},{3},{4} + ^{1,3},{2},{4} 

+ -D{1,2},{3,4} + -D{1,3},{2,4} + -D{1,2,3},{4} + {2,3,4} • 

One checks easily that the three relations in fl20|) hold. 

6. What kind of category do CohFT's form? 

Naturally the definition of morphism of CohFT's above suggests the question of what 
sort of category CohFT's form. We will not give a complete answer to this question, but 
rather we will sketch a notion of composition of morphisms of CohFT's. This will make 
CohFT's into something like a category, but with additional information necessary for 
composition, as in Street's notion of higher categories, see for example (TU]. This notion 
of composition plays a natural role in the quantum reduction with stages conjecture in 
|llj . The cohomological datum needed for the composition maps is associated to a 
moduli space of s-scaled n-marked lines as follows. 

Definition 6.1. An s-scaled, n-marked affine line over a field k is an affine line S 
equipped with s scalings 0i, . . . , 0^ : TS — > E x /c and n distinct points 2:1, ... , Zn- An 
isomorphism of s-scaled, n-marked affine lines Sq, Si is an isomorphism : Sq ^ Si 
preserving the scalings and markings: o Dip = x 1) o 0° for i = 1, . . . , s and 
ipizj) = zj for j = 1, . . . , n. 

Let k = C and let M„^s(A) denote the moduli space of s-scaled, n-marked affine 
lines up to automorphism. Mn,s{^) has a natural compactification obtained by allowing 
bubbles on which a proper subset of the scalings have gone to infinity or zero. 

Definition 6.2. A s-scaled n-marked nodal curve (S, ^, 0) consists of 

(a) A nodal curve S = Sq, . . . , S^ where the root component Sq is an affine line and 
Si, . . . , Sfc are projective lines. 

(b) A collection of distinct smooth points z = (zi, . . . , Zn) G S. 

(c) a collection of possibly degenerate scalings 0^ : TS^ — > S^ x /c, where S- is the 
complement of the node connecting Sj to the root component; 

such that 

(a) for any path from Sq to a terminal component and for any index i, there is exactly 
one component m{i) on which the i-th scaling is non-degenerate 

(b) the components previous to m{i) have zero i-th scaling and the components after 
that have infinite 2-th scaling. 

(c) For any indices i,j, the ratio between the i-th and j-th scaling is independent of 
the choice of component. 
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A s-scaled, n-marked line S is stable if each component with at least one non-degenerate 
scaling has at least one marked or nodal point, and each component with all degenerate 
scalings has at least two marked or nodal points. The combinatorial type of an s-scaled, 
n-marked affine line is an s + 1-colored tree, defined as follows. Let F be the tree defined 
by S. For each i, the i-colored vertices are those on which the i-th scaling is finite. 

Let Mn,s{-^) denote the moduli space of s-scaled, n-marked lines. The boundary of 
Mn,s{^) can be described as follows. 

(a) For any subset / C {1, . . . n} of order at least two there is a divisor 
and an isomorphism 

: Dj ^ Mo,|/|+i(A) X M„„|7|+i,, 

corresponding to the formation of a bubble containing the markings Zi,i G / with 
zero scaling on that bubble. 

(b) For any partition Ji U . . . U of {1, . . . ,n} of order at least two and subset 
J C {1, . . . , s} there is a divisor 

with an isomorphism 



r 



<^hU...Ulr,J ■ Di^u...Ulr,J Mr+l,s~\J\{A) X JJM|/,|+1,|J|(A) 

corresponding to the formation of r bubbles containing markings Ij,j = 1 , . . . , r 
with the scalings j E J becoming infinite on those bubbles. 

The union of these divisors is the boundary of Mn,s'- 

/lU...U/r- 

/C{l,...n} /iU...Ui'r={l, •••,"} 

The group Sn x Sd acts by permuting the labelling of the markings and scalings. The 
action of Sn x Sd on the real locus M„_^j^^(A) has fundamental domain (A) the 

closure of the set M^'^-^'^(A) where the markings zi < Z2 < . . . < Zn are real, the scalings 
01, . . . , 0s are real, and 0i < 02 < . . . < 0^. 

Definition 6.3. Let Uo,Ui,U2 be CohFT's. Given morphisms 0oi G Hom([/o, f/i) and 
012) £ Hom(t/i, U2) define define the composition of CohFT's as the sequence of maps 

(22) (0i2o0oi)":?7o"®i/(Mn,2(A))^f/2 

/lU/2U...U/r = {l, ■■■,"} 

Here the dots indicate insertion of the Kunneth components of '-/^u...u/r('^) ^i^h respect 
to the Kunneth decompositions. The definition of composition of weak morphisms of 
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CohFT's is similar, except that one allows the subsets Ji, . . . , 1^ in the partition to be 
empty. A commutative triangle of CohFTs is a triple of morphisms 0oi;0i2;0o2 such 
that 002 agrees with 0i2 o 0oi on U'q ® -ff(M„_2(A)) after composing with the natural 
restriction map H{Mn,2{^)) — ^ H[Mn,i{A)) defined by restricting to the space where 
the scalings are equal. Similarly one can define commutative simplices of CohFT's of 
higher dimension. 

The need for additional information in the composition of CohFT's seems quite nat- 
ural, since the composition maps in the CohFT themselves have additional inputs. On 
the other hand, morphisms of F-manifolds form an ordinary category by composition. 
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